Introduction.
Recently, three papers [6; 2 and 4] on the problem of representing an a-complete Boolean algebra as an a-homomorph of an a-field have been published. The present paper can be considered as a fourth contribution to this problem of characterizing a-representable algebras. We generalize the criterion of Scott and Tarski [4] for a-representability and study the Boolean algebras satisfying these conditions. This program seems to be justified. Our results not only generalize the work in the papers listed above, but also lead to representations of a different kind than have been considered heretofore (e.g., 3.9 and 3.12 below). Methodologically, this paper is closely related to the work of R. Sikorski (in [5] for example). We use topological tools furnished by the Stone representation theorem, whereas Smith [6] and Chang [2] proceed along algebraic lines, and Scott and Tarski [4] adopt a metamathematical viewpoint.
Preliminaries.
Throughout the paper, a and /3 denote infinite cardinal numbers. We write aV/3 for max [a, 0] . The symbol oo is used as if it were a cardinal exceeding all other cardinal numbers. For any a, define a+ to be the least cardinal exceeding a. The terms, a-ideal and a-field are used in the usual way, that is, the operations in these structures enjoy closure up to and including the power a. In particular, the term complete field means the field of all subsets of some set. The notions of a-homomorphism, a-isomorphism and asubalgebra will have special meanings which are explained in 3.1 below. We call h an a-homomorphism (resp. weak ahomomorphism)
if, whenever AC.B, \A\ ^a and b = l.u.b. A exists (and, for the weak a-homomorphism, A is disjointed), then
An a-homomorphism which is one-to-one (but not necessarily onto) is termed an a-isomorphism.
A subalgebra B of B is called an asubalgebra if the injection mapping of B into B is an a-isomorphism.
It is clear from this definition that B is isomorphic to an a-subalgebra of B if and only if there is an a-isomorphism of B into B. If B and B are a-complete, the concepts of a-homomorphism and asubalgebra in 3.1 are the usual ones. Moreover, the a-homomorphic image of an a-complete B.A. is a-complete. However, in the absence of a-completeness, the notions in 3.1 are somewhat novel. For example, the B.A. of all finite subsets and their complements in a set S is an oo-subalgebra of the B.A. of all subsets of 5.
Lemma 3.2. Let h:B-*B be a homomorphism.
Then h is an ahomomorphism (resp. weak a-homomorphism) if and only if for any a-cover (a-partition) A, the image h(A) is an a-cover of B.
Proof. This condition is clearly necessary. Hence, suppose AC.B, | A | ^a, 6 = l.u.b. A (and A is disjointed, for the weak case). Let Ax=AU{b'}.
Then ^4i is an a-cover (resp. a-partition), so by hypothesis, h(Ax) is an a-cover. is the natural projection. Theorem 3.6. Let B be a Da9-algebra. Then there is a factorable, weak fi-isomorphism of B into a Boolean algebra B which is an ahomomorph of a complete field of sets.
Proof. Let X be the Boolean space of B. Denote by 58 the Boolean algebra of all subsets of X. Let 3 be the a-ideal of 58 generated by the /3-disbursed sets of X. Then 3 consists of all subsets of X which are contained in some a-union of j3-disbursed sets. Let 73 = 58/3, so that 73 is an a-homomorph of a complete field. For aG73 define h(a) = p(X(a)), where p is the natural homomorphism of 58 onto 58/3. Clearly h is a factorable homomorphism.
If h(a)=0 lor some a9*0, then X(a)G58, i.e., X(a) is contained in an a-union of /3-disbursed sets. But X(a) is a nonempty open set and the property Da$ says that no a-union of /3-disbursed sets contains a nonempty open set. Hence, h is one-to-one. It remains to show that h is a weak /?-iso- Proof. Apply 3.7 and notice that any co-homomorph of a complete field is a complete field.
Since every B.A. satisfies Caa0 (and hence Caa) is a = No, the following is a special case of 3.7.
Corollary 3.9. Every \kq-complete Boolean algebra is isomorphic to an H0-subalgebra of an \Ao-homomorph of a complete field of sets.
Remark. It is illuminating to compare 3.9 with the theorem of Loomis [3] : every fc$0-complete B.A. is isomorphic to an fc$0-homomorph of an No-subalgebra of a complete field. It is easy to deduce Loomis's theorem from 3.9 and conversely. Indeed, Loomis's theorem is a special case of our next result. Corollary 3.10. Suppose B is an a-complete Caa-algebra. Then B admits a factorable isomorphic representation as an a-homomorph of an a-field.
Proof. By 3.6, 2.3(d) and 3.3, there exists a factorable a-isomorphism h: 73->58/3, where 58 is a complete field and 3 is an a-ideal, say h=po g, g: 73-*58 and p: 58->58/3 (the natural homomorphism).
Let $=p~1(h(B)).
Since h and p are a-homomorphisms and B is a-complete, % is an a-field. Clearly g contains g(73). Thus, h: B->p($) is a factorable isomorphism of 73 into an a-homomorph of an a-field. Proof. By 2.3(c) and (f), 3.3 and 3.6.
In particular, the remark following 3.8 implies the following. This last corollary clearly contains 3.9 as a special case. By examing the proof of 3.6, we see that the representation in 3.12 can be described more precisely as an oo -isomorphism of a Boolean algebra B into the quotient of the B.A. of all subsets of the Boolean space of B, modulo the sets of the first category in this space. 4 . The converse theorem. B is an aVB-complete D^-algebra. Then B is a Da$-algebra.
Combining this corollary with 2.3 and 3.8 gives an interesting conclusion (which, in slightly different terms, is well known). Corollary 4.7. A necessary and sufficient condition for a B.A. to be isomorphic to an a-field of sets is that it be a-complete and a CKaalgebra.
The result of Scott and Tarski [4] if/3^a. Corollary 4.9. Let @^a. A necessary and sufficient condition for a Boolean algebra B to be a fi-subalgebra of an a-representable B.A. is that B be (3-complete and satisfy Ca$.
As a particular case of 4.5, we see that if 73 is an a-complete, C7/jalgebra, where /3^a, and if I is an a-ideal of B, then B/I is a Ca$-algebra. A slightly more refined result can be proved. Proof. By 2.3, it is enough to show that 73 is a Z>ao+-algebra, and this conclusion will follow from 4.3 provided we can show that La+ is satisfied. In some ways, Theorem 4.3 is unsatisfactory.
To be sure, in many cases it is possible to verify the required condition L$, as our various corollaries show. But there remain simple questions which are not covered by the theorem. For example, it is reasonable to hope that every a-homomorph of a complete field is a Z)aoo-algebra. The author has been unable to prove (or disprove) this conjecture. We do not even know of an example of an a-representable algebra which does not satisfy Cax.
